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A Fermi surface threaded by a Berry phase can be described by the Wess-Zumino-Witten (WZW)
term. After gauging, it produces a five-dimensional Chern-Simons term in the action. We show how
this Chern-Simons term captures the essence of the Abelian, non-Abelian, and mixed gravitational
anomalies in describing both in- and off-equilibrium phenomena. In particular we derive a novel
contribution to the Chiral Vortical Effect that arises when a temperature gradient is present. We
also discuss the issue of universality of the anomalous currents.
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1. Introduction. Chiral anomalies have a topologi-
cal origin that is concisely captured by the Wess-Zumino-
Witten (WZW) terms [1, 2]. They are at the origin of
the anomalous decays of neutral pions and most of the
vector meson decays caused by the parity odd contribu-
tions to the chiral currents [1, 3]. Because of their topo-
logical nature, these anomalies are not renormalized by
interactions or the presence of matter [4]. Chiral flavor
anomalies in dense QCD were noted initially in [5], and
more recently in holography [6, 7]. They can be described
by gauged WZW effective actions [8–10] and anomalous
hydrodynamics [11, 12]. The chiral and mixed gravita-
tional anomalies in condensed matter physics with appli-
cations to superfluid 3He-A were studied by Volovik and
others, see [13] and references therein, and in plasmas in
[14, 15]. Triangle anomalies affect hydrodynamics [16],
Fermi surfaces with Weyl points [13, 17–20], and possi-
bly graphene [21]. The Fermi surfaces with Weyl points
possess the Berry phase leading to the chiral anomaly. In-
deed, in the presence of Berry phase the chiral currents
develop gauge invariant anomalous contributions [13, 17].
These contributions can be derived from the WZW terms
that in turn can be cast in the form of a five-dimensional
Chern-Simons (CS) term [13, 22].
In this letter we extend the 5D CS approach to de-
scribe the in- and out-of-equilibrium dynamics of systems
with chiral Fermi surfaces. Our original results consist
of: i) a new contribution to the Chiral Vortical Effect
(CVE) arising when a temperature gradient is present;
ii) new temperature-induced effects in non-Abelian chiral
superfluids; iii) a new semi-classical method of introduc-
ing the non-Abelian and mixed gravitational anomalies
through the monopole in momentum space; iv) a com-
plete treatment of anomalous off-equilibrium phenomena,
with holes (”antiparticles”) with energy  < 0 included
(we assume that the Weyl point is at  = 0). In equi-
librium, all our results reduce to the known chiral ef-
fects [13, 14, 23].
2. Berry curvature. The adiabatic motion of a chi-
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FIG. 1: For the momentum space monopole, the line integral
(1) along the equator (C) parameterized by t can be re-written
using the Stokes’ theorem as a surface integral (3) over the
upper hemisphere (D) parameterized by t, u, where u is an
auxiliary variable.
ral quasi-particle close to the Fermi surface induces a
Berry phase. For completeness let us review the argu-
ments presented in [22] for representing this Berry phase
as a WZW term. For a level crossing of degeneracy 2
in a Weyl spectrum, the induced Berry phase ~A(~p) is a
monopole of charge g = 1/2 centered in the Fermi sphere.
The corresponding term in the action can be viewed as
arising from an Abelian monopole in momentum space
that encodes the effect of the level crossing and the U(1)
anomaly. The Berry phase associated with a chiral quasi-
particle is
SB =
∫ Tf
Ti
dt ~A(~p) · ~˙p (1)
where ~p(Ti) = ~p(Tf ). Since the Berry curvature is
monopole-like and Abelian, the closed contour of the mo-
mentum ~p encircles the Dirac string and hence (1) is non-
local. However it can be made local by extending it ho-
motopically [2, 24]. For this purpose we introduce an
auxiliary parameter u ∈ [0, 1] such that the momentum
~p(t) of a quasi-particle at the Fermi surface is extended as
~p(t)→ kF pˆ(t, u),where pˆ(t, 0) = eˆ3 and pˆ(t, 1) = vˆ is the
particle velocity, see Fig. 1. The line integral (1) along t
can be written as a flux through the solid angle enclosed
by ~p(t) parameterized by (t, u) ∈ R = [Ti, Tf ] × [0, 1] by
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2Stokes’ theorem
SB =
∫
C=∂D
A =
∫
D
dA (2)
where we use the form notation. The explicit form of the
Berry potential in spherical coordinates is ~A(~p) · dpˆ =
−g (1 + cos θ) dφ, with a Dirac string in the upper hemi-
sphere. Therefore, the non-local form (1) can be written
as the integral over the solid angle on the upper hemi-
sphere, see Fig. 1:
SB =
g
2k3F
∫
R
dtdu ijabcpa∂ip
b∂jp
c. (3)
Eq. (3) is the WZW term for the Berry curvature of flux
1 or monopole charge g = 1/2 centered in a Fermi sphere
of radius kF ; see [13, 25, 26] for other uses of (3).
3. Abelian chiral anomaly. To assess the effect of
(3) on the transport of charged chiral fermions in the
vicinity of a Fermi surface at large kF and small tem-
perature T , let us introduce the coupling to electro-
magnetism. First, we formally extend pa → pµ =
kF v
µ(t, u,x), with µ = 1, 2, 3, t, u and treat vµ as a col-
lective velocity on the Fermi surface. Let
dNF = V3
∑
s=±1
s
∫
dΩk
d3k
(2pi)3
f(, s)
∣∣∣∣
k≈kF
(4)
be the difference of particle (s = +1) and anti-particle
(s = −1) densities at the Fermi surface with a collec-
tive velocity vµ and energy . For kF  T , the coherent
mean-field contribution of dNF to the anomalous effec-
tive action on the Fermi surface is
dSF ≡ dNF SB = g dνF
2k3F
∫
R×R3
p (dp)2 (5)
with
dνF ≡ dNF
V3
= nF
∑
s=±1
d(s) f(, s) (6)
and nF = k
2
F /2pi
2. “Antiparticles” (holes with  < 0)
carry opposite charge and chirality and couple to a
monopole of opposite charge. Although they are expo-
nentially suppressed at the Fermi surface, the antipar-
ticles contribute to the normalization of the anomalous
terms at finite temperature (see below). Eq. (5) is odd
under time-reversal; note that (6) is even under s→ −s.
In equilibrium
f(, s) =
1
e(−skF )/T + 1
(7)
The full anomalous contribution follows from (5) after
integrating  across the Fermi sphere with nF fixed as
the density of final states, since all the new states gener-
ated by the anomaly show up at the Fermi surface due
to Pauli blocking. In equilibrium, the energy integral is
independent of temperature(∑
s=±
∫ ∞
0
d(s) f(, s)
)
= kF . (8)
Gauging (5) by minimal substitution p → p + A with
F = dA [27] thus leads to the anomalous effective action
SF [A] =
g
4pi2
∫
R×R3
(p+A) (dp+ F )
2
. (9)
The contribution AF 2 in (9) is the 5-dimensional Chern-
Simons term. Eq. (9) is in agreement with the result
in [22] derived at zero temperature.
The non-conservation of the 4-dimensional current fol-
lows from the gauge dependence of the action (9) since
under A→ A+ dθ
δθSF [A] =
g
4pi2
∫
R×R3
dθ (F + dp)2
=
g
4pi2
∫
R4
θ(F + dp)2 ≡
∫
R4
d4x θ ∂µJ
µ
R. (10)
In the second step we used the fact that the 4-dimensional
space-time R4 is the boundary of the extended 5-
dimensional space R × R3 and Stokes’ theorem. This
derivation illustrates the anomaly inflow mechanism [28].
Note that the contributions dpF = d(pF ) and (dp)2 =
d(pdp) can be absorbed into the constituent current. On
the Fermi surface, they lead to the chiral magnetic and
chiral vortical currents, i.e.
∂µ
(
JµR −
gkF
4pi2
µνλκvνFλκ − gk
2
F
4pi2
µνλκvν∂λvκ
)
=
g
2pi2
E·B
(11)
This result is expected to hold off-equilibrium provided
that (8) is true on average. This is plausible if the applied
external fields are time-independent.
3. Non-Abelian chiral anomaly. To extend the
preceding arguments to the non-Abelian case with N fla-
vors we assume for simplicity that all Fermi momenta are
the same, with a surface density dνF → NdνF . The non-
Abelian chiral anomaly follows again by minimal substi-
tution p → p + QaAa with N2 − 1 classical collective
flavor charges Qa which are the analogs of ~λa/2 in the
limit ~→ 0 but Qa fixed [29]. In equilibrium, a rerun of
the above arguments yields
∇µ
(
JaµR −
gN
4pi2
〈
QaQb
〉
kF 
µνλκvν F
b
λκ
)
=
gN
2pi2
〈
QaQbQc
〉
Eb ·Bc (12)
The color averaging for SU(N) is carried using N −
1 delta functions ensuring the conservation of the
3N − 1 Casimirs. Specifically 〈QaQb〉 = δab/2 and〈
QaQbQc
〉
= dabc/4, in agreement with [8, 9, 11, 22, 30]
for charges with equal Fermi momenta. Again (12) is ex-
pected to hold off-equilibrium provided that (8) holds on
average.
4. Rotating frames. Let us now present an alterna-
tive view on the CVE. Consider a frame rotating around zˆ
in the presence of a weak gravitational potential ϕ. A ro-
tating frame can be described by a stationary metric with
g00 = 1− Ω2ρ2 + 2ϕ and g0φ = −Ωρ where ρ = x2 + y2.
To linear order, the motion of a quasi-particle in such
a background can be described via an energy dependent
gauge field Aˆag which can be constructed with the help
of the veirbeins using gµν = e
a
µe
b
ν ηab. Indeed, to linear
order eaµ ≡ δaµ + eˆaµ + . . . and
gµν p
µpν ≈ (pa + eˆaµ pµ)(pb + eˆbν pν) ηab
≡ (pa +Aag)(pb +Abg) ηab; (13)
the corresponding gravi-electro-magnetic fields are Eg =
p0∇ϕ and Bg = p0 Ω. The inertial 3-force on a quasi-
particle of 4-momentum pa ≡ (E,p) is simply the corre-
sponding Lorentz force
F = E (∇ϕ+ v × sΩ) (14)
and the second term in (14) is the relativistic Coriolis
force. The factor s arises because under time-reversal
Ω→ −Ω.
The effect of the gravi-electro-magnetic fields on the
Fermi surface with (E,p)→ (, skF ) will be of the form
Eg · Bg = 2∇φ · Ω. The corresponding Chern-Simons
term is
g
4pi2
(∑
s=±
∫ ∞
0
d(s)

s 2 f(, s)
) ∫
R×R3
AF2G (15)
with FG ≡ Fg/p0. In contrast to the electro-magnetic
case above, the density of states in (15) is not kept fixed
at the value nF , thus  rather than kF appears in the
denominator of (15). The rotation induces an energy
dependent force (14) which affects every mode in the
Fermi sphere proportional to its energy . As a result, the
anomaly flow moves all modes within the Fermi sphere
and Pauli blocking does not apply. In equilibrium(∑
s=±
∫ ∞
0
d  f(, s)
)
=
1
2
(
k2F +
(piT )2
3
)
(16)
Off equilibrium (16) can be modified; however the k2F
term is protected by topology and gauge symmetry [8, 9,
22].
The anomalous contribution to the current stemming
from (15) therefore is
∂µ
(
JµR −
g
4pi2
(C + ϕ)
(
k2F +
(piT )2
3
)
(0,Ω)µ
)
= 0
(17)
The constant C = 2 is fixed by the (vdv)µ = (0, 2Ωz)µ
term in (11); see also [8, 9, 13, 14, 22, 31].
The new element in our derivation is the appear-
ance of ϕ which we will now exploit. A small and in-
homegeneous temperature variation along the rotating
direction, say ∆T = T (z1) − T (z0) > 0, on top of the
Fermi sphere is captured by a gravitational potential ϕ(z)
such that ϕ(z0) − ϕ(z1) = ∆T/T . This follows from an
observation by Luttinger [32] that the effect of a tempera-
ture gradient driving the system out of equilibrium can be
balanced by a gravitational potential. Thus, the response
of the system to a temperature gradient can be captured
by the response to a gravitational potential, as is clear in
(17) through (1 + ϕ/2) (piT )2/3 ≈ (pi(T + ∆T/4))2/3. A
temperature gradient along the axis of rotation thus leads
to a novel contribution to the chiral vortical current:
JR =
g
4pi2
∆T
T
(
k2F +
(piT )2
3
)
Ω. (18)
5. Anomalous chiral superfluids. The non-
universality of the temperature induced effects in the
CVE can also be seen by considering chiral superflu-
ids [8–10]. In the leading mean-field approximation, the
right constitutive flavor currents in a rotating chiral fluid
are [8] (a = 1, ..., N2 − 1)
JiaR ≈ F 2piµ eavi +
C
2
dabcebec Ωi
(
µ2 − 3N
8
µ2
F 2pi
∑
k
nk
ωk
)
(19)
with µa/µ = ea and C the non-Abelian anomaly normal-
ization. The first contribution is the normal fluid contri-
bution, while the second contribution is the anomalous
contribution due to the SU(N) Goldstone modes in the
superfluid phase, with Fpi their weak decay constant.
A specific realization of the chiral superfluid is cap-
tured by the effective approach to the color-flavor locked
(CFL) phase of dense QCD with N = Nf = Nc [5]. For
the CFL superfluid n = 2N2(µ3/6pi2) and F 2pi = n/µ. At
small but finite temperature, nk is the Bose distribution
for the Goldstone modes as pion-diquarks, so that∑
k
nk
ωk
≡
∫ ∞
0
kdk
2pi2
1
ek/T − 1 =
T 2
12
(20)
Inserting these results in the CVE current (19) yields
JiaR ≈ n eavi +
C
2
dabcebec Ωi
(
µ2 − 3
8
(piT )2
12
)
(21)
which is to be compared to (17). Eq. (21) is the right
SU(N) flavor current in the superfluid CFL phase of
dense QCD with (pion-diquark) bosonic fluctuations on
a fully gapped Fermi surface whereas (17) is the right
U(1) current on a chiral Fermi surface threaded by a
Berry phase with fermionic fluctuations. The temper-
ature corrections to the CVE in (21) and (17) differ in
4both sign and magnitude. In the chiral superfluid higher
order temperature corrections are readily available be-
yond the leading mean-field approximation in the form
µ2((piT )2/F 2pi )
n ≈ ((piT )2/µ2)n.
6. Mixed gravitational anomaly. Let us now dis-
cuss the connection of our CS-based approach to the chi-
ral gravitational anomaly. Chiral fermions on a curved
manifold couple to the spin connection, leading to a
mixed U(1) and gravitational anomaly. In our semi-
classical analysis this is achieved through minimal sub-
stitution pµ → (pµ +Aµ) 14+Sabωabµ /4, where ωabµ is the
anti-symmetric spin connection and Sab is the antisym-
metric spin matrix. Thus, the mixed gauge-gravity CS
action at the Fermi surface is
g
4pi2
∫
R×R3
〈
A14 +
1
4
Sabω
ab
〉〈(
F14 +
1
4
ScdR
cd
)2〉
(22)
with R = dω + ω2 the full Riemann tensor thanks to
Lorentz gauge-invariance. The averaging includes the
tracing and is carried over the spin measure with per-
tinent constraints for the Casimirs. Specifically, 〈14〉 = 1
and 〈SabScd〉 = (4 s2/3) (ηacηbd − ηadηbc), with s2 the
squared spin vector. A rerun of the above arguments for
the U(1) right current gives the mixed covariant anomaly
1√−g∂µ
(√−g JµR) = g8pi2
(
Fµν F˜µν − s
2
6
RαβµνR˜αβµν
)
(23)
with the subsumed anomalous contributions in JR. In
our semi-classical approach, the squared spin length is
given by s2 = (1/2)2 as different spin components com-
mute when ~ → 0. For this semi-classical s2 value we
thus reproduce the correct coefficient of the mixed gravi-
tational anomaly (note that the quantum value s2 = 3/4
would result in a coefficient that is larger by 3).
7. Conclusions. The minimally gauged WZW term
on a Fermi surface with a Berry phase is at the origin
of most anomalous contributions to the chiral currents.
It embodies aspects of the Callan-Harvey anomaly in-
flow [28], as per the descent equation in cohomology [35].
Although our approach is not holographic, the induced 5-
dimensional Chern-Simons term acts like its holographic
analog.
The matter effects do not modify the divergence of the
chiral current given by the anomaly, but generate ad-
ditional gauge-invariant anomalous contributions to the
currents themselves. In particular, for rotating systems
with chiral Fermi surfaces, we observe a new contribution
to the CVE resulting from a temperature gradient.
Our formalism based on the 5D CS action can be ap-
plied to inhomogeneous systems in- and off-equilibrium.
The temperature corrections to the CVE are different
for chiral Fermi surfaces and chiral superfluids. However
in both cases the leading anomalous terms proportional
to k2F are not renormalized due to gauge symmetry and
topology.
Recently, an extended kinetic formulation with a Berry
monopole was suggested in [17, 30, 33, 34] where the
anomaly is sourced at the center of the Fermi sphere,
whereas in our treatment we focus on the properties of
the Fermi surface. Nevertheless, these approaches are
related since the incompressibility of the Fermi sphere
forces the fermions produced by the anomaly to appear
on the Fermi surface.
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